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Abstract
We study the anisotropic Big Bang cosmology for a general non-linear equa-
tion of state (EoS) in standard general relativity cosmology in early times.
According to brane world cosmology and loop quantum gravity which intro-
duce a quadratic term in the energy density, we study a non-linear EoS with
a general nonlinear term in the energy density. We show that this general
non-linear term isotropize the universe at early times. And also, we find out
this model has a phantom like behavior for special case.
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1
1 Introductions
Standard Big Bang cosmology is based on three principal. The first is the
supposition that universe is homogeneous and isotropic on large scales. The
second is the supposition that the dynamics of space-time is expanding by
the Einstein field equations. The third basis of the theory is that matter can
be explained as a super position of two classical perfect fluid, a radiation fluid
with relativistic EoS and pressure-less (cold) matter [1]. In recent decades,
the observations of high redshift type Ia supernova [2] have shown that our
universe is undergoing on accelerated expansion instead of decelerated ex-
pansion [3, 4, 5]. Meanwhile, observation of cosmic microwave back ground
radiation (CMBR) [6, 7, 8], and large scale structure [9] show that the space
is highly homogeneous and isotropic on large scale. All this result strongly
propose that, the universe is permeated smoothly by dark energy. The dark
energy and accelerating universe have been discussed extensively from differ-
ent point of view [10, 11, 12]. As already mentioned, the large scale structure
of the universe seems to be very homogeneous and isotropic. However, ob-
serving on small scales, the isotropy and homogeneity break down. In fact,
the initial state of the universe possesses some inhomogeneities, anisotropies
and a rather chaotic distribution of particles. Hence, it is tempting to inves-
tigate more general inhomogeneous and anisotropic models in early times,
which should describe, as a consequence of their evolution, the currently
observed large scale structure together with the isotropy limits observed in
the CMBR, in x-ray backgrounds (e.g. quasars at high redshift), and in
number counts in faint radio sources [13]. In general relativity, without the
help of a cosmological constant or inflation, Collins and Hawking [14] tested
the question (homogeneity and isotropy of universe) in terms of an initial
conditions analysis. They achieved that the set of spatially homogeneous
cosmological models approaching isotropy in the limit of infinite times is
of measure zero in the space of all spatially homogeneous models. This in
turn implies that the isotropy of the models are unstable to homogeneous
and anisotropic disturbance. However, their explanation of isotropization
demands asymptotic stability of the isotropic solution. An asymptotic sta-
bility analysis of Bianchi models in general relativity [15] show, for example
that in the Bianchi type I the anisotropy will not exactly vanished but can
be bounded.
In the brane world scenario [16, 17, 18, 19] the extra dimensions product a
quadratic term in the energy density in the effective 4-dimensional energy-
momentum tensor. Under the logical suppositions, this non-linear term has
the very appealing effect of suppressing anisotropy in early enough times.
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Hence, there is a probability to suppressing anisotropy at the initial sin-
gularity problem by adding a non-linear term to EoS [20]. For linear EoS
P = ωρ with ω = constant, in the case ω < −1 the fluid behavior is a
phantom manner [21]. In this case the energy density grows in the future
and decays in the past, so shear components is dominated in the initial
singularity. On the other hand, in coming closer singularity matter with
linear EoS ω < 1 is un-influential, hence in this case singularity could be
termed velocity dominated [22], but when ω > 1, the so called super-stiff
fluid (Ekpyrotic fluid), the energy density is dominated in the early enough
times, so the initial singularity is isotropic.
In this paper we investigate the effects of a general non-linear of EoS, which
is a binary mixture of perfect fluid matter and dark energy, in the Big Bang
cosmological model. We want to consider on the possibility use of a general
non-linear term of EoS as an effective manner of representing a dark energy,
to suppressing anisotropy when the singularity is approached. Here, we in-
dicate one of the most interesting results from adding general non-linear
term to EoS, is that the initial singularity, become isotropic in contrast with
ordinary cosmology. Also, we show that for some special case this theory
has phantom like behavior.
2 Non-linear EoS
At first, we will review some models with non-linear term that they have
studied in this context. In the brane world scenario, the our universe is
self accelerating caused by an additional term appearing in the Friedmann
equation when constrained to the brane. For a higher dimensional cosmol-
ogy in the Randall-Sundrum framework [23, 24] the Friedmann equation is
obtained as
H2 =
Λ4
3
+
8π
3Mp
2ρ+ ǫ
(
4π
3M5
3
)2
ρ2 +
c
a4
, (1)
where Λ4 is the cosmological constant, ǫ = ±1, and c is an integration con-
stant whose magnitude as good as sign depend on the initial conditions.
The geometric effects of loop quantum cosmology is that predict a −ρ2 mod-
ification to the Friedmann equation [25, 26]. This modification is relevant
in the very early universe. The effective Friedmann equation becomes
H2 =
8πGρ
3
(
1−
ρ
ρc
)
+
Λ
3
, (2)
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where ρc =
√
3
(16pi2γ2)ρpl
[27]. The ρ2 modification is shared with the brane
world model, and some comparison works can be found in [28, 29, 30]. In
this work, we introduce a class of non-linear EoS and show that these models
solve the anisotropy problem in the early times universe. The general form
of the EoS which it include a non-linear term is introduced as
P = Pm + Pd = ωρ+ β
ρα
ρ
(α−1)
c
, (3)
where ω is a pure number, ρc > 0 is a constant which has energy dimension,
β is the constant parameter to show the sign of the non-linear term. We can
interpreting Eq.(3) as a binary mixture of a perfect fluid and a dark energy
with positive pressure, for the case β > 0.
Bianchi type I is the simplest approach for investigation of behavior
of anisotropy at early times, which it is a subclass of the Bianchi class-
A [20]. The Bianchi type I cosmology can be determined by the Hubble
expansion scalar and the tracefree shear tensor σij in which i, j = 1, .., 3 and
σ = (12σijσ
ij)
1
2 . The energy conservation equation for a cosmological model
including a perfect fluid is
ρ˙ = −3H(ρ+ P ), (4)
where P is the pressure, ρ is the energy density and H is the Hubble param-
eter, i.e. H = R˙
R
. Using the Bianchi type I model and Einstein equations
(with suppose 8piG
c4
= 1), we can obtain
H2 =
1
3
(ρ+ σ2), (5)
H˙ = −
1
2
(
ρ+ P + 2σ2
)
, (6)
σ˙ = −3Hσ. (7)
With the help of non-linear EoS (3) and the energy conservation (4), one
can obtain energy density as a function of scale factor.
ρ = ρc
[
(1 + ω)B(α−1)
R3(1+ω)(α−1) − βB(α−1)
] 1
α−1
, (8)
B(α−1) =
(
ρ0R
3(1+ω)
0
)α−1
(1 + ω)ρ
(α−1)
c + βρ
(α−1)
0
, (9)
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where R0 and ρ0 indicate the scale factor and energy density at an arbitrary
time t0. This is acceptable for all values of β, ρ0 and ω except for ω =
−1. Also we introduce ρΛ
(α−1) := −β(1 + ω)ρc(α−1), that is an effective
cosmological constant (for details see reference [31]). By using Eq.(7), we
can obtain shear scales as a function of the scale factor.
σ = σ0
(
R
R0
)−3
. (10)
According to above equation we realize that, the shear decreases in an ex-
panding model. Therefore, to eliminate the problem of anisotropy at the
early times, the initial singularity should be dominated by the energy den-
sity. In fact the contribution of shear scale is very smaller than energy
density value. Also, we can conventionally define
Σ =
σ
H
, (11)
as a dynamically scales (dimensionless) of anisotropy. Therefore, if Σ → 0,
we can have a cosmological isotropic model. For the disappearance the
energy scale ρc from the dynamical system and simplify the analysis of
equations, we introduce the energy density scale, the shear scale and Hubble
parameter as dimensionless variable
Ω =
(
ρ
ρc
)α−1
, κ =
σ
ρc
1
2
, η =
H
ρc
1
2
, (12)
where Ω is the normalized energy density, κ is the normalized shear scale, η
is the normalized Hubble parameter.
Considering the above dimensionless variables, we can rewrite Eqs.(10,11)
as follows
κ = κ0
(
R
R0
)−3
, (13)
Σ =
κ
η
. (14)
Also, here we define the effective cosmological constant point by
ΩΛ =
(
ρΛ
ρc
)α−1
= −β(1 + ω). (15)
Note that in this paper we just investigate the region of the state space in
which the Ω ≥ 0 and models which η ≥ 0.
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3 Modified Polytropic Like Gas
In this section, we want to study one example which EoS of it is non-linear
for considering the anisotropic behavior of the early universe. Here, for
simplicity, we rescale ρ(α−1) as ρc
(α−1)
β
. This is equivalent with the case
which β = 1. For α = 1 + 1
n
, Eq.(3) shows the EoS of modified Polytropic
like gas as
P = ωρ+
ρ1+
1
n
ρ
1
n
c
, (16)
where n index is a positive (n > 0). From Eq.(8) we arrive at
ρ = ρc
[
(1 + ω)B
1
n
R
3
n
(1+ω) −B
1
n
] 1
α−1
. (17)
By using Eq.(9) and ρΛ
1
n := −(1 + ω)ρc
1
n we have
B
1
n =
R
3
n
(1+ω)
0
1−
(
ρΛ
ρ0
) 1
n
. (18)
Note that, in this paper the main difference is that the singularity happen
in the past if the following condition is established
t→ ts, R→ Rs, ρ→∞ and |P | → ∞, (19)
where ts and Rs are constant with Rs 6= 0 [20, 31, 32]. We can rewrite
Eq.(17) for the energy density in three different manner, introducing Rs =
|B|
1
3(1+ω) and supposing ρ > 0.
(i) : (1 + ω) > 0, ρΛ
1
n < 0, B
1
n > 0.
In this case Eq.(17) will become
ρ = ρc
[
(1 + ω)
( R
Rs
)
3
n
(1+ω) − 1
]n
. (20)
According to Eq.(20) it is seen that for ρ > 0, R and ρ must be in (Rs,∞)
and (0,∞) respectively. By making use of (20) and (19), one can realize that
there is a singularity at early times and the energy density, by increasing
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scale factor R, decreases. This show that the linear term of EoS is domi-
nated. Hence, the fluid behavior is as a fluid with a linear EoS.
(ii) : (1 + ω) < 0, 0 < ρΛ
1
n < ρ
1
n , B
1
n > 0.
For these parameter, Eq.(17) is written as
ρ = ρΛ
[
1
1− (Rs
R
)
3
n
|1+ω|
]n
. (21)
In this case, one can see that ρ must belongs to (∞, ρΛ] also R ∈ (Rs,∞).
So, the fluid close to a singularity in the past (R→ Rs, ρ→∞), and at late
times close to an effective cosmological constant (R→∞, ρ→ ρΛ).
(iii) : (1 + ω) < 0, 0 < ρ
1
n < ρ
1
n
Λ , B
1
n < 0.
In this case Eq.(17) is as
ρ = ρΛ
[
1
1 + (Rs
R
)
3
n
|1+ω|
]n
. (22)
It is seem that R can varied between zero and infinity and then ρ is belonging
to (0, ρΛ). In this case fluid behaves as phantom and it is close to an effective
cosmological constant at late times, i.e. (R → ∞, ρ → ρΛ). Note that in
cases (i) and (ii), when the amount of energy density close to infinity, the
singularity happen at a finite scale factor, i.e. ρ→∞, R→ Rs.
Now we want consider the behavior of anisotropy for the EoS of modi-
fied polytropic like gas. Using Eqs.(20-22) and (12-15), we want to consider
behavior of the shear scales and energy density scales for three cases of fluid.
(i) : (1 + ω) > 0, ρΛ
1
n < 0, B
1
n > 0,
κ = κ0
(
Ω
(1 + ω) + Ω
) n
1+ω
, (23)
in this case, we have Ω→∞ in early times, so according to above equation
the shear scale tends to a constant value (κ → κ0). Therefore, the initial
singularity is isotropic, because in this case the initial singularity is domi-
nated by the energy density, so Σ = κ
η
→ 0. At late times amount of energy
density tends to zero, so κ→ 0.
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(ii) : (1 + ω) < 0, 0 < ρΛ
1
n < ρ
1
n , B
1
n > 0,
κ = κ0
(
Ω− ΩΛ
Ω
) n
|1+ω|
. (24)
Here, like case (i), in the early times the energy density is infinite, i.e.
Ω → ∞. So the shear scales close to a constant value (κ → κ0), therefore,
the initial singularity is again isotropic and it is dominated by the energy
density, so Σ = κ
η
→ 0. The energy density close to an effective cosmological
constant value at late times, as a result the shear scales tends to zero, i.e.
Ω→ ΩΛ, κ→ 0.
(iii) : (1 + ω) < 0, 0 < ρ
1
n < ρ
1
n
Λ , B
1
n < 0,
κ = κ0
(
ΩΛ − Ω
Ω
) n
|1+ω|
. (25)
In this case, the energy density decays in the early times and grows with pass
time. Hence, the fluid behavior is like phantom. In the early times, energy
density value tends to zero (Ω→ 0), so any shear component always comes
to dominate in the initial singularity, then initial singularity is anisotropic.
The energy density close to an effective cosmological constant value at late
times. Therefore, according to Eq.(25) the shear scales tends to zero, i.e.
Ω→ ΩΛ, κ→ 0.
4 Conclusion
In this paper we have studied the effects of the general non-linear term of
EoS to suppressing anisotropy for models with singularity in the early times.
In this respect the our motivation for adding a general non-linear term to
EoS is that in the context of brane world scenario the quadratic term appears
in the effective 4-dimensional equation of motion. In Section (2), we have
introduced a general form of the EoS which it include a non-linear term. We
have given the energy density as a function of the scale factor. In Section
(3), we have investigated one specific example of the non-linear EoS, then we
have summarized the classification of the energy density evolution in three
different classes. We show that for special cases, the effect of non-linear
term of EoS isotropize the singularity at early times and for another case
this model has a phantom like behavior, then in this case the singularity is
not isotropized.
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